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Abstract 

Let JO(X) = KO{X)/TO{X) be the J-group of a connected finite CW 
complex X. Using Atiyah-Tall we obtain two computable formulae of 
TO(X)(p\, the localization of TO(X) at a prime p. Then we show how to 
use those two formulae of TO(X)^ to find the J-orders of elements of 
KO(X), at least the 2 and 3 primary factors of the canonical generators of 
JO(CP m ). Here CP m is the complex projective space. 

1. Introduction 

Let JO(X) = KO(X)/TO(X) be the J-group of a connected finite CW 
complex X, where KO(X) is the additive subgroup of the KO-ring KO(X) of 
elements of virtual dimension zero and TO(X) = {E — F G KO(X) : S(E © n) 
is fibre homotopy equivalent to S(F © n) for some n G N}. Let ip k be the Adams 
operations. Then Adams and Quillen |13[ showed that TO(X) = WO(X) = 
VO{X) : 

WO(X) = f)KSO(X) f (1) 

/ 

where the intersection runs over all functions / : N — > N and KSO(X) f = 
< k^ k \i) k -l)(u):ue J<SO(X) and k G N >, and 
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VO(X) = { x e KSO(X) : there exists u e KSO(X) such that 

e k ( x ) = ™ 1 ; in 1 + KSO(X) <g> Q k for all keN} (2) 
1 + u 

where 9}~ are the Bott exponential classes, and = {n/k m : n,m e Z}. 

For a prime p, let JO(X)^ denote the localization of JO(X) at p. Since 
JO(X) is a finite abelian group, JO(X)( p ) is isomorphic to the p-summand of 
JO(X). Moreover, since the localization is an exact functor on the category of 
finitely generated abelian groups, JO(X)^ = KO(X)^/TO{X)^y Using Atiyah- 
Tall we obtain two computable formulae of TO(X)( p y The significance of those 
two localized formulae of TO(X) is shown to find the J— orders of elements of 
KO(CP m ). 

In §2 using the fact that KSO(X) is an orientable 7-ring and the p-adic 
completion KSO(X) p is an orientable p-adic 7-ring, we define a natural exponential 
map 9° k r : KSO(2)(X) -> KSO(X) p for each positive integer k. If k is odd, 6° k r is 
the extension of 6° k r : VectSO(2)(X) -> KSO(X) defined in Dieck [|. From the 
main theorem of Q], we obtain the commutative diagram in Theorem 2.3. 

Our main result is the following two formulae of TO(X)/ p ), which can be 
obtained directly from Theorem 2.3. 

TO(X) {p) = {^-1)(kSO{X) {p) ). (Formula I) 

TO{X\ p) = { x e KSO(X) [p) : 9° k r p (x) = V } in 1 + KSO(X) p 

for some u G KSO(X) p }. (Formula II) 

Formula I (resp. Formula II) of TO(X)^ may be thought of as the localization of 
WO(X) (resp. VO(X)) at p. 

Let y = r^ m (C) — 2 where £ m (C) is the complex Hopf line bundle over CP m . 
In §3 we apply Formulae I and II of TO(X)( p ) to find b m (P m (y;mi, . . . ,m t )), the 
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J-order of P m {y', rni, • • • , mt) — m iU + rri2y 2 + • • • + m t y t G KO(CP m ). Onder [10 
has given the formula TO(X) m = O 3 - l){KO{X) {2) ) by using Dieck § Ch. 11, 
and applied this formula to give computation of the 2-primary factor of b m (y). We 
obtain sharper results in giving a simple formula for the 2 and 3 primary factors of 
the J-orders of the canonical generators of JO(CP m ). Finally in §4 we show how 
Formulae I and II of TO(X)(p) can be used to compute the group JO(X) for our 
illustrative example X = CP 4 . 



2. Two computable formulae of TO(X)^ 

Let G be a finitely generated abelian group. For a prime p let Gu,) = {g/m : 
g G G and m G Z with (p,m) = 1} denote the localization of G at p, then Gu>\ is 
canonically isomorphic to Z( p ) ® G. Also, let G p = lim^- G/p n G denote the p-adic 
completion of G. Then G p is canonically isomorphic to Z p ® G. For a rational 
number g, u p (q) denotes the exponent of p in the prime factorization of q. 

Lemma 2.1. (i) Let G be a finite abelian group. Then the following groups are 
canonically isomorphic: 

G( p ) = G p = G(p) 

where G(p) = {g G G : g has order a power of p}. Consequently, if g G G has 
order m, then the order ofg/1 in G(p) = the order ofl®g in G p is equal to p Up( ~ m \ 
(ii) If G is a finitely generated abelian gruop, then G^ is canonically embedded in 
G p . 

Proof. The proof is obvious. 

Now, our aim is to show how to apply the work of Atiyah-Tall to find 
JO(X)( p ). Let KSO(d)(X) be the group obtained by symmetrization of the semi- 
group VectSO(d)(X) of all isomorphic classes of real vector bundles over X with 
structural group SO(dn) for n — 1, 2, . . . . KSO(d)(X) is monomorphically embed- 
ded in KO(X) as the subgroup of classes x such that LO\{x) = and dim(x) = dn 
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for some n G N, i.e., KSO{d){X) = {E - F G KO(X) : dim(£ — F) = 
dn and E, F are orientable}. 

Let KSO(d)(X) = {E- F G KSO{d){X) : dim £ = dim F}. It is easy 
to see that KSO{d){X) = dZ ®KSO(d)(X) and K T SO(d)(X) = KSO(l)(X) for 
each c? > 1. So, for simplicity, we write KSO(X) instead of KSO(d)(X). It is 
well known that KSO(X) is an orientable 7— ring and KSO(X) p is an orientable 
p-adic 7— ring (see ||, or || Ch. 3). 

Let k be an odd integer and J be a set of fcth roots of unity u 7^ 1 which con- 
tains from each pair u, u~ l exactly one element. The operations Q° k r : VectSO(2)(X) 
—>■ KSO(X) are defined in || and given by 

ez{E) = k m H \- u (E)(i - u)- 2m = n x^i-u-'r (3) 

where 2m = dimE. Q° k does not depend on the choice of J @. 

If (k,p) = 1 then k r (E) is invertible in KSO(X) p . So 9 k r can be extended to 
KSO(2)(X) with values in KSO(X) p . Also, by using the fact that Q k is a natural 
exponential map, it can be shown that Q k : KSO(X) — > 1 + KSO(X) p where 
1 + KSO(X) p is the multiplicative group of elements 1+w with w G KSO(X) p . 
The operations p£ r : fTs6[X) p -> 1 + FSO(X) p are given by 

=n-ty-i(*)- w 

Now we shall show how to define 9^ k and p?[ k for > 1. If p ^ 2 then 1/2 G Z p , 
So we can difine 6° r k : fTsO{X) -> 1 + FSO(X) p . by 

^(^-^) = ( II II A-^F))- 1 ) 1 / 2 . (5) 

„2fe_ 1= o u 2fe -l=0 

Similarly, we can define 

p°2 k (x)=( n 7«/-iW) i/2 - (6) 



Lemma 2.2 (An analogue of Proposition 5.3 of ||). If (p,k) = 1 then the 
following diagram where i(x) = 1 <8> x is commutative: 



KSO(X) 



KSO(X) 




1 + KSO(X) p . 



Remark. If (p, k) = 1, then C Z p . So, using Proposition 3.15.2 of || and 
Examples 5.14 and 5.15 of [iJ-II, we see that 9% r agrees with Bott operation 9 k 
which is denoted by p k in Q-II. 

Now, we give our main theorem. 

Theorem 2.3. Let p be a prime number and k p be a generator of (Z/p 2 Z)* , 
the group of units in Z/p 2 Z. Then the following diagram is commutative: 







KSO(X) 



(p),r ■ 



KSO(X) {p) /TO{X) 



Hp) 



"KSO(X) Pi r 



ft 1 , 



Pk r " 

1 + KSO(X) p ? 







.Here t/ie index T indicates that we factor out the image of (tp kp — 1) and q is the 
quotient map. 

Proof. First, we show that rows and columns are well-defined and exact, 
(a) Using Lemma 2.1, the fact that localization and completion are exact func- 
tors on the category of finitely generated abelian groups and the naturality of 
Adams' operations, we have the following identifications: 

KSO(X) (p) /(^ - l)(KSO(X) ip) ) = KSO(X) {p) /((^ - \){KSO[X))\ p) = 

(KSO(X)/(^ - \){KSO{X))) {p) C KSO(X) p /((^ - \){KSO{X))) p = 



KSO{X) p /{^ - \){KSO{X) p ). 



Hence, i : KSO(X)^ — > KSO(X) p denned by i(x/m) = (m) -1 ® x induces a 
monomorphism ir : KSO(X)^ r — > KSO(X) p ^. 

(b) By Theorem 4.5 of Atiyah-Tall ||, induces an isomorphism 

pZ piT : KSO{X) r , T -> 1 + KSO(X) Pi r. 

(c) To show that (^ fcp - l){KSO{X) {p) ) C TO(X) (p) . Let 

^— - G KSOWb). 

m ^' 

Then 

E - F ib k pE - E %b kp F - F 
mm m 

By Quillen [13[], there is a fiberwise map of degree a power of fc p between ifj hp E 
and i?. So, by Dold's Theorem mod k Q-I we have 

k e p (ip kp E -E)e TO(X) 

for some integer e. Since (p, k p ) = 1, we have 

^pE-E. kp(ip kp E - E) 



m /c p m 



G TO(X) (p) . 



Similarly, 



and hence 



eTO(X) [p) 



m 



(^-l)(^)eTO(X) (p) . 

m 

Thus, we have an epimorphism q : KSO(X)( p ^r — > KSO{X)(^jTO{X){py 
(d) It is easy to see that 0% : ^SO^)^) -> 1 + fTs6[X) p given by 0j£(z/m) 



^(x)) 1 /" 1 is an exponential map. Let 



E — F 

G TO(X) (p) . 

m 

Then nS(E) is stably fibre homotopy equivalent to nS(F) for some n with (p, n) 
1. So by ||-(II) Corollary 5.8, 

- *T = in 1 + KSO(X) p 
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for some u G KSO(X). Since (p, n) = 1, (1 + ufl nm = 1 + w in 1 + KSO(X) p for 
some w G KSO(X) p . Hence 

(1 + m) 1 /™™ _ ^fc P (i _|_ w ) 
~~ (l + w) 1 /™™ ~~ 1 + w 

Thus 0££ induces a homomorphism 

0£ : KSO(X) (p) /TO(X) (p) -> 1+B5(l) p , r . 
Finally, we show the commutativity of our diagram. 

Let x/m G 'kSO(X) (j>) . Then 0j£ o g(x/m + (^ fep - l)(Ks6(X) (p) )) = 6g(x/m + 
TO(X) [p) ) = ei(xfl m + - 1)(1 + KSO(X) p ). On the other hand, (p^r ° 
i r )(x/m + (^ - l)(Ks6(X) (p) )) = ^(i(x/m) + - \){KSO(X) p )) = 
p° k r p (i(x/m)) + (ip kp — 1)(1 + KSO(X) p )). Now, the result follows from Lemma 2.2. 
This completes the proof of Theorem 2.3. 

Corollary 2.4 (Formula I ofTO(X)^). 

TO(X) {p) = (^-l)(KSO(X) (p) ). 

Proof. Since d k o q = p° k r r oj r , q is injective and hence an isomorphism. So, 

to(x) (p) = (^-i)(ks6(x) (p) ). 

Corollary 2.5 (Formula II of TO(X)( p )). 

— — * — " llfofl -4-7/^ — " 

TO(X\ p) ={ x G KSO{X)v : flgfr) - W ,\ M n 1 + KSO(X) p 
for some u G KSO(X) p }. 

Proof. Clearly, the right hand side of the above equality is a well-defined 
subgroup of KSO(X)( p ). The fact that ir is injective implies that 

i(KSO(X) (p) ) n - \)(KS6(X) P ) = i((^ - \)(KS6(X) (P) )). (7) 
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The fact that p°^ r is an isomorphism implies that 

- 1)(KS6(X) P ) = - 1)(1 + KSO(X) p ). (8) 

Now let x E TO(X) (p) then by Formula I of TO(X) (p) , x E (ip kp - l]KSO{X) (p) . 
Hence from (0) and (§) 

= pkM*)) = ^7+t M) in 1 + xsoWv 

for some u E KSO(X) p . 

If X is a finite CW complex, then JO(X) is a finite abelian group. So, by 
Lemma 2.1, the p-primary factor of the order of x + TO(X) E JO(X) is the order 
of x + TO(X) (p) G JO(X) (p) , the smallest p m such that p m x G TO(X) (p) . 

3. J-orders of elements of KO{CP m ) 

We will show how to use Formulae I and II of TO(X)( p ) to find the J-orders of 
elements of KO(CP m ). As we have shown in |J, we only need to consider the case 
m is even, that is m = 2t for some t G N. Let P m (y; mi, . . . , m t ) = miy + m 2 y 2 + 

Yrrity 1 G KO(CP m ) = 1>[y\ (mod In order to find b m (P m (y; m 1 , . . . , m t )), 

the J-order of P m (y; mi, ... , m t ), the following two lemmas will be useful. 

Lemma 3.1. Let k p be a generator of (Z/p 2 Z)* . If n EN, then 

(i) i/ 2 (3 2n -l) = 3 + z/ 2 (n). 

(ii) For an odd prime p, 

f if 2n ^ mod(p - 1) 
I 1 + v p {n) if 2n = mod(p — 1). 

Proof, (i) is well-known, 
(ii) Let v p {k 2 p n - 1) = s. Then fc 2n = 1 mod p s . If s > 1, then (Z/p s Z)* is cyclic of 
order p s_1 (p — 1) with generator fc p (0, Theorem 2, p. 43). So, 2n = p s " 1 (p — l)d 
for some d E N with (d,p) = 1(0, Lemma 3, p. 42). Hence, s = 1 + v p (n). 

Lemma 3.2. Let k p be a generator of (Z/p 2 Z)* and r,s EN with r > s. Then 
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(i) ^(nU3 21 - 1)) = 3(r - s + 1) + EI =S 

(ii) For an odd prime p, v p (JYi= s (k'p ~ -0) 

+ E& 1 ^(0 - [^#] " ElS^ 1 ^(0 if P<2r + 1 
if p > 2r + 1. 

Proof, (i) u 2 (UU^ ~ 1)) = EI = ^(3 2 * - 1) = E[ =s (3 + i*(0) = 3(r 

* + i) + EU^(0- 

(ii) If p > 2r + 1, then v p [k^ — 1) = for each « = s, . . . , r. Hence 

r 

"p©*? - !)) = °- 
If p < 2r + 1, then p — 1 = 2d for some de {1, . . . , r}. 

^n(^-i))=E^?- i )= 

[ 2r 1 r 2(«-l) i 
r Lp-iJ I p-l 1 

]T (1 + i/ p (i)) = ^ (1 + v p (2di)) - ^ (1 + i/ p (2d<))- 

i— s 
' mod(p-l) 

But v p {2di) = u, p {i). So 



»=s j=l j=l 

2i=0 mod(p-l) 



[ 2r 1 [ 2(s-l) i 
Ip-lJ I- p-l 1 



^(IK* - !)) = E ( x + ^(0) - E ( x + v p(0) = 

i=s i=l i=l 

[ 2r i r 2(s-l) i 

"ii + E mo -i^rri- E ■*«)■ 



p- 1 i=r p - 

This completes the proof. 

Now, let k p be an odd generator of (Z/p 2 Z)*, say k p = 2q + 1 (take /c 2 = 3). 
Remark. We take k p to be odd only to reduce the work, even k p works equally 

well. 

According to Formula I of TO(X)( p ), is p (b m (P m (y; mi, . . . , m t ))) is the small- 
est non-negative integer v such that 

p v P m (y;m u ...,m t ) = (l-^)(u) (9) 
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in KO(CP m ) (p) for some u G KO(CP m ) (p) . 

From Theorem 2.2, and || Lemma 3.6, 



^y) = y(Z 2^ti { 9 tj j ) yj)2 = ^ 



where 



So, for r — 2, . . . , t 



k p fq + f 

2rq 

V^(i/ r ) = (^(y)) r = E 

3=0 
j<t — r 



J 2j + lV 2j ' 



where 



»lH h»2r=J 

i 1 ,...,i 2r e{0,...,q} 



Let m G KO(CP m )( p y Then w = aiy + • ■ • + a t y l for some G Using 
(|T0|), it is easy to see that the coefficient of y r in (1 — ip kp )(u) is 

r-l 



^^ + (1-^)1 



rr-ll 



where j r = [y + 1. 
So, from (H), we need to find the smallest v which solves the following system of 
equations in : 

r-l 

- ^2 c r-i,iai + (1 - A;p r )a r = p v m r 

i=j r 

where r = 1, . . . , t. 

The above system has the following solutions: 

_ p v M kp:r (m 1 , ...,m t ) 

(l-*g)...(l-A*) 

where Mfc pi i(mi, . . . , m t ) = mi and for r = 2, . . . , t 

r-l 

M kv , r {m u ...,m t ) = J]C r -,,i(l - •••(!- feJ (r - 1) )M fcp , i (m 1 , . . . ,m t ) 

i=j r 
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+m r (l-k 2 p )...(l-k 2 p ^). 

Now, a r G Z( p ) implies that v p {a r ) > 0. So 
r 

d > ^max^{z/p(JJ(l-A;^))-z/p(M fcpir (m 1 ,...,mi)),0 :M kp>r (m- b . . .,m t ) 7^ 0} 



4=1 



is a necessary and sufficient condition on v so that @ is satisfied. Hence, we have: 
Theorem 3.3. v p (b m (P m (y; mi, ... , m t ))) = 

r 

max {i/ p (]^[(l-A;p i ))-z/p(M fcpir (mi,...,m 4 )),0 : M kp , r (m h . . .,m t ) ^ 0}. 

i=l 

Now, let us use Formula II. 
Let 9 kp (P m (y;m 1 ,...,m t )) = 1 + ai(mi, . . . ,m t )y + ■•• + a t (mi, . . . ,m t )|/ for 
some «i(mi, . . . , m*) G Z p (see 0, Theorem 2.2). t / p (6 m (P m (?/; mi, . . . , m t ))) is the 
smallest non-negative integer v such that 

6 kp (P m (y; mi,..., mt)f = til±^ in 1 + KO(CP m ) P (11) 

1 + M 

for some it G KO(CP m ) p . Let it = b\y + - ■ ■ + b t y t for some 6j G Z p . With the above 
symbols, the coefficient of y r in ip kp {u) is 



r-l 



To avoid excessive notation, we write 9 kp (P m (y] mi, . . . , m t )) p " = l+oti2/+- ' •+ Q! tZ/* 
where «j inolves quantities containing p in some way. 

From (|TTD, we have 1 + ip kv {u) = 1 + d\y + • • • + d t y l where 



d n = hi 



b 0= a = 1 



s>0 



Thus 

r-l 

Cr-iA + b r k 2 p r = b r + b.. 

J 

which implies that 

^4>« r ha s - J2 r i=j C r _ M 6i L k Jm u . . . , m t ) 
o r = — 



(A*-l) (Ag-1)...(A*-1) 
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where L kpj i(mi, . . . , m t ) = a% and for r = 2, . . . , t, 

r-l 

L kp , r (m u ...,m t ) = J2 ■ ■ ■ ' m t )a i (A? r - i+1 > -!)••■ (^ (r_1) "1)" 

i=l 

r-l 

^ CV-^iK, . . . , m t ) (kf + ^ - 1) . . . {kf-V _ 1} + ^ _ 1} (A ,2(r-l) _ 1} _ 

i=j r 

Now, 6j G for i = 1, . . . , t implies that 

v p (L kp>r (mi, . . . , m t )) > v p {{k 2 p - 1) . . . {kf - 1)). 

So, we have: 

Theorem 3.4. v p {b m (P m {y\ mi, . . . , m t ))) is the smallest v such that 
Vp{L kp!r (mi, m t )) > v P {{k 2 p - 1) . . . (k 2r - 1)) for each r = 1, . . . , t. 

Using Lemma 3.2 and any one of the above two theorems, we directly obtain: 
Corollary 3.5. If p > 2t+ 1, then z/ p (6 m (P m (y; mi, . . . , m t ))) = 0. Conse- 
quently, 

jO{CP m ) = JO{CP m ) {p) . 

for all primes P <m+i 

From Theorem 3.3, to find b m (P m (y; mi, . . . , m t )) we only need to find 
v p {M kp ^ r (m\, . . . , mt)) for r = 1, . . . , t. Therefore, it may be a good problem if one 
tries to obtain a general formula for v p {M kp ^ r {m\, . . . , m t )) in term of r, k p , mi, . . . , m t 
Next, we compute u p (M kptr (0, . . . , m r = 1,0,..., 0)) for p = 2, 3 and then we obtain 
simple formulae for the 2 and 3 primary factors of the J-orders of the canonical 
generators of JO(CP m ). These simple formulae have been already conjectured in 

i- 

For n = 1, . . . , t, the J-order of y n + TO{CP m ) is b m (P m {y; 0, . . . , m n = 
1, 0, . . . , 0)). Let M kp , r = M fcp , r (0, . . . , m n = 1, 0, . . . , 0)/(l - k 2 p ) ■ ■ ■ (1 - kf^). 
Then M kp<r = for r < n, M kp>n = 1 and for r — n + 1, . . . , t, 

r-l 

M kpt r = <?r-i,<(l " kf +1) ) •••(!- kf^)^ 

i>n 
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where j r = [^] + 1 

Hence, from Theorem 3.3, we have 



v P (b m (y n )) = r max^ p (J](l - kf)) - v p (M kp , r ), : M fcp , r ^ 0}. 
Proposition 3.6. If p = 2 or 3, then 

[ 2(7-1) 1 [ 2(n-l) 1 
L p _! J L p _! J 



s=l s=l 

for each r — n, . . . ,t. 

Proof. We prove this proposition for p = 2 (the case p = 3 is similar). 
Recall that k 2 = 3. So we need to show that ^ 2 (M 3ir ) = r — n + YH=n v 2(s) for 
r — n + 1, . . . , t, where 

M 3 , r = 3 3i ~ r ( * •) (1 - 3 2(m) ) • • • (1 - S 2 ^ 1 ^ 

by induction on r. If r = n + 1 then z/ 2 (M 3jJ ,) = z^ 2 ™) = 1 + 1*2(71). So let 
n + 1 < r < t. We claim that z/ 2 (3 3i " r ( r 2 ^)(l - 3 2 ( i+1 )) • • • (1 - 3 2 ^)Ms,i) > 
i/ 2 (3 2r-3 ( 2( ' r 1 ~ 1 ' ) )^3,r-i) for each m&x{j r ,n} <i< r — 1. Suppose that m&x{j r ,n} < 
i < r — 1. Then by induction hypothesis and Lemma 3.2, 

u 2 (3 3l ~ r ^ (1 - 3 2 ^) • • • (1 - 3 2 ^)M 3>i ) 

(2i \ r_1 
.1 + 3(r - i - 1) + i - n - is 2 (i) + ^ 1*2 (s)- 



On the other hand, 

^ 2 (3 2r - 3 ( 2(r ~ 1} ) Vi) = r - n + ][>(*). 

^ ' s=n 

So, we need to show that u 2 ( ^ ) + 2(r — i — 1) > i/ 2 (2i) . But this follows directly 
from the fact that v 2 {^^) = v 2 (2i) — v 2 {r—i) if v 2 (2i) > r—i — 1. This completes the 
proof of our claim. Hence, z/ 2 (M 3 , r ) = ^(3 2r - 3 ( 2(r - 1) )M 3lt ._i) = r-n+EII>2(s). 
This completes the proof. 
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Unfortunately, the above proof can not be used for p ^ 2, 3. 
Theorem 3.7. If p = 2 or 3 and 1 < n < t. Then 

„ , f r 2(n - 1), , . r 2n , r 2t ,1 

Proof. Let p = 2, then z/ 2 (6 m (y n )) = max{z/ 2 (ni =n (l - 3 2i )) - z/ 2 (M 3 , r ) : r = 
n, . . . ,t} = max{2r — 2n + 2 + v 2 {2r) : r = n, . . . , i} = max{s — 2(n — 1) + ^ 2 (s) : 
2n < s < 2t}. The case p = 3 is similar. 

Remark. If Proposition 3.6 is true for some values of p other than 2 or 3, 
then Theorem 3.7 will be also true for those values of p. 

4. An illustrative example JO (CP 4 ) 

VlKO(X)=< y u ...,y n >, then JO{X) {p) =<a hp = y 1 +TO(X) (p - ) , . . . ,a n , p = 
y n + TO(X)( p ) > . So to compute JO(X)^, we need to find all relations between 
«i iP , . . . , a njP , i.e., we need to find "sufficient" solutions for the equation: 

ciai,p H h c n a n:P = in J0(X) (p) , ci, . . . , c n G Z. (12) 

This implies that c\y\ + • • • + c n y n E TO(X)(py Now using formulae I and II of 
TO(X)(p), one may try to find "sufficient" solutions for (|12"D . 

KO(CP 4 ) = {a x y + a 2 y 2 : ai ,a 2 e Z, y 3 = 0}. So, JO(CP 4 ) (p) =< a liP = 
y+TO{CP 4 ) {p) , a 2 , P = y 2 +TO{CP 4 ) {p) >=< a^ p > + < a 2yP > . To find relations 
between a\ tP and a 2jP , we need to solve c\a\ )P + c 2 a 2jP = in JO(CP 4 )( p ). 

JO(CP 4 ) {2) =< a 1>2 = y + TO{CP 4 ) {2) > + < a 2 , 2 = y 2 + TO(CP 4 ) (2) > . 
< a 1)2 > is cyclic of order 64 and < a 2j2 > is cyclic of order 16. Also, 2a 2j2 = 
40ai, 2 . Hence JO(CP 4 ) (2) S Z/2Z © Z/64Z. Similarly, JO(CP 4 ) (3) ^ Z/9Z and 
JO(CP 4 )(5) = Z/5Z. Thus, by Corollary 3.5, we get a known result: 

Theorem 4.1. JO(CP 4 ) = Z/2Z © Z/64Z © Z/9Z © Z/5Z. 
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